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Compressibilities of the Alkali Metals l 1O:cimate expression, 

{ 

E.=a/r,'-3/r.. (2) 

:tff ' . is the radius of a sphere of atomic 
,n.e (s sphere). The repulsive energy is 
c~ly proportional to the atomic volume, and 

J. BARDHES· 

Ilarmnl U"illtrliJy. Combridgt', .\l'Uso.c}IIU~US 

(Reechoed April 13, (C).'8) 

As a (ul1her test of the method o( Wigner and Seitz 
«(or the calculation of the energies o( the monovalent 
nlela l,). the prc8SU~ ,-ariation of the ~ompressibilill('s of 
the alk;lli mela ls i. determined and compared with recent 
eX(lCrimental results of Bridgm:ln which extend to p~sures 
or the. order Of. 45,000 kg/ ern'. Frohlich's approximate 
an.'l lyttC C:X(V'CMlon lor the dependence of the en<"rgies or 
the alL."'3li metal. on volume suggests the (allowing !emi. 
empirical (arm: 

W -ol.+bl.'- 'I". 
II the parameten are determined (rom (I) the lattice 
constant, (2) the energy, and (3) the compressibility (a ll 
at uro pr68ure), the expression gives values (or the 

I. I NTRODUCTION 

B R I DG~1AN' has recently obtained rough 
experimental values of the compressibilities 

of a large number of the more compressible 
substances in the pressure range extending to 
about 45.000 kg/ em'. Of particular theoretical 
interest are the results he obtained for the alkali 
metals. Thanks largely to the work of Wigner 
and Seitz,l it is possible to make fairly accurate 
ca~culations of a large num ber of properties of 
thiS particular group of metals. A calculation of 
the compressibility '~nd its variation with pres­
sure pro\;des a very sensitive test of the general 
methods. 

The instantaneous compressibility, K, of a 
metal at the absolute zero of temperature is 
determined from the energy, W, by means o·f 
the fo llowing equation : 

I /K = -l"(dpfdv) = v(d' W / dv') , (I) 

",here v is the volume of the metal and p is the 
pressure. Our problem is thus the calculation of 
the energy of a metal as a funclion of volume. 

\ Vc h,ave given, in the preceding paper,J a 
calculatIon of the energies of Li and Na . In 
Section III of the present paper, we discuss the 
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.1 'd). tile pc-uent issue:. Thi. paper will be referred to 

Ju ractive energy, resulting from the inter# 
n of the valence electrons with the positive 

. is inversely proportional to the lattice 

la nt. 
-~l" assumptions on which this formula is 
:.J :Lre not very clear from Frohlich 's treat­
.•. It is not difficult to show that (2) follows if 

"(= (4.. / 3)r,'[1/-.(r,)]' = I, (3) 

rc.ltlti\·e ~h3nge in \'olume with pressure in close agrN -_ 
with Br.,d~lll3n's resu lts. The conSfanta 80 de'rrt-r , 
agree. f~~r~y "'~U ~'ith Frohlich'. theoretica l V"dlurs. \ 
pre:IWbd ltle5 of LI nnd Na , as obtained from the I· 

~x.1.ct and (un~~mental calcula tions of the energies I­

m the preceding paper, are compared with t~ n,~ 
menlal "\"alues. TheoretiClI values ror Na are In I 
agr~nt with f'xperiment, but the corresponding' 
for [j are about fifteen percent too high. It is Sm:"''r .... 
t hat the polymorphic transition in U, which OCt·un . 
prcssure of about 22,000 kg/em'. is a transition fro'11 
nonnal body-cenlered to a (ace<entered form, rl'! ... 
fro~, the nonekctrostatic interaction energy o( the 
which lavon close packing. 

~ :n other words, if the value of the wave 

I
lion at the boundary of the s sphere is 

JI to its mean value This relation must hold 
.11 ,·alues of r, for which (2) is to be applied. 

compr:ss!bi~ili:," and ~heir va~iation with r'" ,.ould expect that (3) will be approximately 
sure. l' rohhch has given an approxima te t1 , -ned if the wave funclion of an electron in 
pression for the energy of an electron in IWes t state is fairly fiat throughout most of 
lowest state. Using the free electron vall1t' l. mlu me. There is reason to suppose that this 
t.he Fermi energy. he has determined the in1' be the case for values of '4 nea.r the actual 
compressibilities of the alkali metals, "nd • :me radius, since both (d1/-o/dr) ,_" and 
tained rough agreement wilh experiment. S , dr')r-r vanish when Eo is a minimum.' 
modification of Frohlich's procedure is di""u'~ I flO derive (2) from (3), let us set R=,y,., so 
in Section II . At the end of the paper, we gi" : 'he SchrOdinger equation for R (in atomic 
brief discussion of the polymorphic transitiun ts) is: 

d'R/ dr'= (V(r) -Eo)R. (4) C., discovered by Bridgman . 

II. SE..\lI-E~[PIRICAL CALCULATION OF TIlE Y." 

ATION OF TilE COMJ'RESSIBILtTV 

·W I TU PRESSURE 

In the present section we assume that 1'­

energy of the metal (per alom) is the sum 
the energy of an electron in its lowest stan', .I 
and ti,e Fermi energy, F. We neglect the ' n° 
correction term to the interaction energy flf 1 

valence electrons (given by Eq. (29), refcrencr 
and also the no nelectrostatic interaction ('n(.'I ~ \ 

of the ions. 
Acrording to Frohlich,' for values of r, n' · 

the energy minimum (or, in the n eighOOrh· 

of the norma l 13 ttice ronstan t), the ener~\ .. 
(in atomic units') is gi"en by the follt ,~ ·. 

t H F~ohlich. Proc. Roy. Soc. lS8A, 97 (1937): £r .#. 
nt":t~Cqnt dtr .U,tal/.t (llerlin. 193b) p. 2i2. 
. l-nlt of energy is th~ l<.ydburJ: OJ.5 e:v); unit ollf-: . 
I!I the. Bohr radiUS (O.528X 10- ' cm). 

! I·' potential VCr) is that of a free (positive) ion. 

I
· -boundary condition of Wigner and Seitz' is: 

dR/dr=R/r at r=r,. (5) 

I ·h Eo and R are functions of r .. the point at 
• , h the boundary condition (5) is to be 
, ticd. Denoting derivatives with respect to 

}' a prime, we have, differentiat ing (4), 

d'R' /dr'= (V(r) - E.)R' -Eo' R, (6) 

.hat. multiplying by R, integrating, and 
,og use of (4) to eliminate (V-E.)RR' , we 
'~ IO : 

tR'dr= J,"[R'(d'R/dr')-R(tl'R' / dr')]dr 

_ = [R'(dR/dr)-R(dR'/ dr)J,_, . (7) 
;~'T a diecussion of this point, see N. p, Mott and H. 

~,... TJ.cory of 'M Proptr'its of M,taJs and AUoys, 
':~~' <lr~6). p. 79. Values of "l' for Li and Na are tabu-
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Differentiating the boundary condition (5) with 
respect to r .. we have: 

[(d'R/dr')+(dR'/dr)],_ ,. = [R' / r],_,,. (8) 

l\1aking use of this relat ion, we can eliminate R' 
from (7) and obtain 

E"I."K'dr = [R(d'R/ dr') ]'-" 

= [ VCr ,) - E.(r .) ]R(r ,)'. (9) 

We thus get the following differential equation 
for Eo, if condition (3) is salisfied : 

dE./ dr, = (3 / r,)[ VCr,) - Eo(r,)]. (10) 

FrOhlich's result (Eq. (2)) is obtained by in­
tegrating (10) with VCr,) = -e'/ r •. The latter 
will hold for values of r, larger than the radius 
of the ion core.T 

It is, of course, impossible to tell a priori 
whether or not F rohlich's formula will hold 
without making an explicit calculation of the 
wave functions using the actual potential of the 
ion, as \Vigner and Seitz have done for Na and Li. 
Eq. (2) does give fairly good values for these 
metal~. \\Fe will use, for comparison with the 
experimental data (of all the alkali metals) an 
expression of the form: 

Eo=a/ r,'-c/r .. (\I) 

treating a and c as empirical constants. The 
value of , so obtained is then compared with the 
theoretical \'alue (3) given by Eq. (2). 

The Fermi energy F, expressed in atomic 
units, is 

F= 2.2 Ia/ r.' . (12) 

where or is the effective number of free electrons 
per atom. ]£ the electrons are free . a is equal to 
unity. In general, a may be either greater or 
smaller t han unity, and may be a function of ' •. 
lt is known that the value of a for Li is much 
less than unity, and decreases as T. decreases, 
while for Na, a is slightly greater than unity and 
increases slowly as r , decreases.' As a fi rst approx­
imation, we may assume that a= 1, so that the 
Fermi energy will be inversely proportional to 
the square of the lattice constant. 

1 The author is indebted to Profeaaor E. Wisner (or a 
discussion of Frbhlich', (ormula . 

.Tables 1 and II , reference (I). 
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Equations (II ) and (12) suggest the following 
type of equation for the energy of an alkali 
metal: 

W=A(v, ·v)+B(voJv) '-C(v./v)', (\3) 

where A. B. and C are independent of the volume. 
and VII is the atomic volume at zero p~ure. 
The first and third terms come from the energy 
of 3n electron ill its lowest stale; the second 
from the Fermi energy. To determine the values 
of lhe three parameters, the rollowing experi­
mental data are u.sed (all refer to OOKand p=O): 

(I) The lallice constant; 
(2) The tnergy. given by the sum of the 

ionization potential and the atomic heat of 
sublimation, and 

(3) The compressibility, K o. 

The values of the COnstants so obtained are 
checked in two ways. First, the empirical values 
of Band C are compared with the theoretical 
values given by Eqs. (12) and (2) . The semi­
empirical equation is then used to determine the 
change in compressihility with pressure (or, what 
amounts to the same thing, the relative change 
in volume with pressure) and the calculated 
values are compared with experiment. 

Since the energy is a minimum when 0=00 

(or p=O) we have : 

2C/3=2AHB/ 3. (14) 

The energy at zero pressure is given by: 

-W=2A+B. (15) 

Finally, the compressibility at zero pressure 
gives the relation: 

3/ K,=2A+2B/ 3. (16) 

To obtain (15) and (16) we have used the value 
of C given by Eq. (14). 

Table I gives the relevant data for the calcu­
lation of A, B, and C for the alkali metals. 
Row (d) gives the energies. obtained Crom the 
sum of the ionizat ion potential <lnd the atomic 
heat of sublimation. The compressibilities. given 
in row (e) v,'ere obtained by extrapolating the 
experimenta l results. taken at room lC"mperature. 
to T=O'K by means of the Debye equation of 
state, as discussed below. From the values given 
in these two rows, the constants A and B ''''ere 
determined by use of Eqs. (15) and (16): the 

results are given in rows (f) and (g). R", 
gives the values of J C obtained by subst il " 
th.,.e values of A and B into Eq. (14). R .. , 
gives the Iheoretical values o f B as Obl .l 

from Eq. (12) under the assumption th.1t u 

(fn'" electron value), Row (k) gives th,· I 
retical values of IC obtained from Eq. (1 

",e in volume with pressure given by the 
r\'. with the experimental values o f I3ridg· 

:.1 It is first neces&1.ry to extrapolale the 
.[,·ed values to T=OoK. To do this, we use 

Dcbye equation of state, ' although. it 
Jbly does not apply accurately to the alkali 
,Is. The Debye equation is: 

Frohlich. I 
The empirical values of B, depending 00 p= -(dW/dv)-3kT(d8/8dv)D(8/ T). (17) 

small difference between rows (d) and (c , IV and v are the energy per atom and the 
not at a ll accurate. but they are rather ~",!'l l :lie volume, respectively. and 0 is the charac-
all metals except Li. The anomalous value f,. 'I ie temperature. The function D(x) is de'-
results from the fact that a is not constanl. , ,I ll}': 
decreases as the volume decreases. The Ft · i 
energy cannot be expressed as a si ngle term. t 

3 • ~'d~ 
D(x)=-i -. 

x3 0 ef-l 
(18) 

is given in fai r approximation in th e reg in;; I 
interest by the difference between a large p", . ,mall x (1' large), D(x) ",I. The value of 
term inversely proportional to the square (.! t'::: is obtained from Gruncisen's law; 

lattice constant. and a negative term ill\'" I 3a/ K= -(d8/ dv)(c./ 8), 
proportional to the volume. The negativE' " I 
of B obtained for K may perhaps be e'pl .1 ,hich a is the linear coefficient of thermal 

(19) 

in a similar fashion. The differences bet\\ l't'U lOsion." K is the compressibility, and c. is 
theoretical and experimental v-alues of B for \ I: Jtomic heat capacity: 

Rb a~d Cs. are probably within the rather L. c.= 3k[D(8/T) "-CO/ T)D'(8 / nJ. (20) 
expenmental uncertalnues. . 

A much morc significant test of the theon f '~ (19) and (20), we have, for small values 
obtained from a comparison of the emplric.ll • T, 
theoretical values of C given in rows (i) and p= -(dW/d,,)+ap, (21) 
The agreement is good for all metals exCt'ru • t re 
for which the empirical value is some. =(3aT/ K)[I-(38/8 n 
smaller than the theoretical. I +(I/ lO)(O/ n'-", J. (22) 

As a second (experimental) test of the ... 1-
empirical equation (13), we compare the reI.' .he second term of Eq. (21), ap, ~epresents 

I
· pressure due to the thermal Illohon of the 

TABLE J. CdctJaJion of tit#! fO ram.tlers in 1M ".. \, which must be subtracted from the ob· 
unpi'"!cal equDlilm .lor 1M eHt:Tt't:t of ,J..c (lJ~aJI ",. t -,,-do pressures (at room temperature) to obtain 
!'fB~·::2;t,:jj~o~,t~II:J~~~~~~;~n]::",;~~o;;~I~~: pr('SSurc at T=OoK. Allhough. this term 
nlt,ty; thtord;c.al f!(J/Utf of C art ohtfli~d /ro'" fr·.. ··-ncls on the volume, the change IS probably 

!o;.;'::!~1n:,:a~n,~:'ba::)/~'::/~o:;/~~' :/~~tJ,I' I .,:t·ry ~reat except a~ very hi~h pressures. 
t'll alom. ·~lIS region, the correction term 15 but a small 

~ion of the total pres.o:; urc. \\'e have lherefore 
I ,."cd that ap is independent of volume, and _.I __ -"..c'n:::..:::L'--_-I . ..:u=_ N. K Mob 

20 7 i7s':S 7 I f-;-.\tnmic: Voh.," .. , ... , 
l oni&.alu'n PoCcnlu.1 
Ut';H of SublillUltlon' 
-II'. 
J-. K~1) 
A (em !).} 
1I(t'mp., 
IIltheor.) 
\lIJIC(c mp.) 
(tJ1CUncOl".) 

5.J1 J.ll • . J2 4.IC 
l .iO I. U O..8t) (l'! 

11.1 Q.3 t.1 ;0 
• 40 9 .4 • • 9 Ii I 
1.4 4J 5 . 1 40 1 
Ii ." I.l -1. 1 -00 
4.5 l .O 2J I.; 

U .O IOJ 1 . .1 ;& 
1l .2 10..1 Uli III 

I 8 ,dlQW,lky and RoMinl, l'M,,,,odt,,,,jl,,. 0/ C/w •• (61 5'" -
(Reinhold. 10JO). 

1 FI_ BrMSllna.D:. d~ cnr..poblcd lO T -O"K.. 

" 

I il,t{'rmine its va lue we have used the values 
•. K, and 0 for zero pressure and room tem­
·ure. Table II gives the values of ap for the 

I '.,~i ~. together with the relevant data used in 

~ 
..... f>. (orc~l1Iplc. J. K. Koberls, J/ral otld Thumody"om­

oe kie. 1933). 
" ·t to be conrused with t he effective nu mher of (ree 

1\." per atom, for which the a:ame sl'mbol haa been 

.- ,-- ---" - --==- =----

the calculation. The tota l relative change in 
volume due to thermal expansion from room 
temperature down to T =O°J( is also given. 

A plot of the relative change in volume of the 
different al kalis as a function of pressure is 
given in Fig. 1. The heavier li nes represent the 
c.xperimental values extrapolated to the absolute 
zero of temperature; the ligh ter lines are the 
theoretical values obtained from thE" semi­
empirical formula (13). From this equation we 
find 

PV.=y·(y-I)[2A HB+A (y-I)J, (21) 

with )/=(Vo/ v)'. 

The values of A and B which were used are 
given in rows (f) and (g) of Table I. 

The agreement is good for all metals except 
Rb. Professor Bridgman informs me tha t the 
initial compressibility for this metal is less certain 
than for the other a lka lis. The initial com­
pressibilitics were used in the determination of 
the parameters, so that the slopes of the theo­
retical curves agree with the slopes of the 
experimental curves at the origin. It is the shape 
of the curve which is important for a test of the 
validit), of the theory. The shape is determined 
mainly by the factor )/'(y-I) in Eq. (21). 
(The term A(y-I) in the brackets is small .) 

There is a tendency for the theoretical curves 
to be slightly above the observed at the highest 
pressures. The nonelectrostatic interaction en­
ergy oC the ions, which we have neglected, is not 
large enough to account for this discrepancy. 
The general agreement would have been better 
if the parameters had been adjusted to make 
the experimental and theoretic.:1 1 curves match at 
some high pressure, rather than to fit the initial 
compressibilities. 

III. COMPRESStDtLlTlES OF Li AND Na 

It is much more desirable to have a calculation 
which is based on fundamen tal principles, so that 
there are no parameters to be determined from 
experiment. In order to determ ine the com­
pressibility and its variation with pressure, it is 
neceSS:1 ry to have an accurate c:1iculntion of the 
t'nergy as a function of volume. Such a calcula­
tion for Li and Na is given in the preceding 
papcr.3)n Fig. 2, we show the theoretical curves 
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of the comprC5.5ibililies as a funclion of volume, 
as determined from thl"SC energy va lues. For 
comparison. experimental curves derived from 
Bridgman's data. ' extrarolated to T =OoK, as 
indicated above. are also g iven. The abscissa 
gives the relative change in volume from the 
observed volume at zero pressure. The sma llest 
volumes corresp:md to a pressure of about 
40,000 kg/ em'. The curves for Na are in " ery 
good agreement, but the theoretical values lor Li 
are about 15 percent too high. The difference in 
the latter case is perhaps due to our neglect of 
t erms of higher order than those in k'! in the 
calculation of the Fermi energy. 

The reciprocal of the compressibility is given 
essentially by the second derivative of the 
energ}' \1.: ith respect to volume. It is interest ing 
to note that lhe !=-econd derivative of the Fermi 
energy of Li is nega tive, and that the mai n 
contribution to 1 K COOlf'S from the e nergy of 
an electron in its lowest state, Eo. On the oLher 
hand, the second derivative of Ef) is small for 
Na, and the main contribution comes from the 
rapid increase of the Fermi energy with de~ 
creasing volume. 

IV. POloDtORPIIIC TRANS fTION I~ CS 

At ordinary pressures, the alkali metals are 
body centered. It is not yet known why this 
structure is prcferrecl over, for example, the 
close packed cubic structure (lace centered). 
FudlS IO has shown that, for equal atomic volume, 
the energies of th e valence electrons in the lwO 

5tructur~ differ by only about 10-' ev per 
electron. He attributes the face-centered struc­
ture of the noble metals (Cu. Ag and Au) to the 
repulsion between the closed d shells of the ions, 
which naturally (a\"ors the close packing. The 
noneleetrostatie enf'rgy of the ions in the alkali 

TABLE H. Dola ,urd i,. 1M utrapo/aJion Dj Bri.dfman's 
,wJts to T -OoK. 

MIr:T.u.. ~I N. K Rb C. 
.Xloo .5.6 7.l~I-;;--;;-
(I/K) X 10'" (dynCl{cnll) 110 ~8 J1 2J 19 
II. I 1.5 0 .6 0 .• 0 0..29 020 
,)(lO~· (dJnn/cml) J . .5 'l .a 1.0 1.6 1.5 

~ Ccalc.) O.OJ I O.O·1l 0.000 ' .OIM) 0 ,0&4 

.. K. Fuchs, Proc. Roy. Soc. AUl, 58S (1935). 

''l 

FIG. 1. ReL'lljvc change in volume of a lk;di III~ · .\: •• 
pressu~. Light lines are theorerica I "'allies ohulnC"l 
the.semi-empiric:al equatIon ( 13). Bridglllan '~cxpo..t ' 
d,lta, e.~tra poI1ted to T-ooK, are rc:prll!'~01 t\1 1 
hc:a \'Y lines. T~ inilial compressibilitics ha\'e llt'C:l :. 
fix lhe values o( the p..'lrJ. ltlcters in the scllliclHflltl';1 
tion, so that tbe slopes of the experimental and th'-""'f' 
curves ;I re in agreement at the origin. The bre.tL ,; 
curve (or C. is due to a polymorphic transition. 

metals (resulting bot h (rom the exch.n~r 
pulsion a nd the van der ' Vaals energy) \\,1 11 

be lower in a face-centered lattice than 
body-centered la ttice, but this energy is sc) ," 
at ordinary prt"'SSures that it has little inli:.;, 
on the s tructure. As the volume is deer' .}.. I 

the energy of the ions will increase rdati,-r· 

1 I 
0.10 0.10 

-6'j1\1. 

. 2. COItlpt'essibilities of Li and Na as a function of 
~. Theoretic.'l l valucs are obt..lined h om di rec-t ca l· 

, ":n~~ lth;t:~ert~:d~1~:~~s ind~~:. P~~t~~~aierrl~ 
~. 

<Ot/ g (0.2 cal. /g). The small la tent heat 
' i that the difference in entropy between the 
phases is small. 

• rough test of the theory that the transition 
.~ to the nonclectrostatic energy of the ions 
l"r obtained from the cha nge in volume at 

:ransi tion point. Let the free energy of the 
p,"""ure phase be F,(o) ulat of the high 

• "Jre phase be F,(v) , and the corresponding 
,les at the transition point be Vi and Vt. 

~"" .. ing the condition that the pressures of 
·" 0 phases are equal at the transition point, 
~ 1\'C, (or VI-V2 small, 

the energy of the va lence electrons, so th.lt 
would expec( that at very high pressu r~ 

alka li metals would ta ke up a close P.l' .• · 
sLructure. The rare gas solids are, of ("1 '; 

face centered, and it is likely that the J. 

metals are also face centered at very ~"I 
pressures. 

The metal for which the transition should ' , I 
place a t lowest pressure is es, since it nN ' 

(22) 

has the largest ion of the a lkali metals. bu t .. -. K 1 is the compressibility of the low 
nas the highest compressibility. Bridgm.lf1 ! "ure phase. The right·ha nd side may be 
found a polymorphic transition in Cs at J t ... ·!.l ted from experimental data. The result is 
sure of about 22.000 kg / em'. The eh.ln. I '< 10' d ynes/ em:.tI In order to obtain a 
volume at the transition point is 0.00336 (~ . 
and the Idlent heat. determined from the d','. 

in transition pr-essure with temperature l." ~ • 

:\ • \'a lue i. for room tempernture. In order to com­
\. Ib Ihcory, we should t.lke the va lue a t absolute uro. 

'r-\ll II knowledge of the thermal expansio n in the two 

rough theoretical value for the Ielt hand side of 
the equation, we \\l ill assume that the main 
contribution comes from the difference in the 
repulsive energy of the ions in the t\\'o phases. 
The difference in energy of the valence electrons, 
which presumably (avors the body·centered la t­
tice, will not change rapidly with volume, so 
that the derivative will be small. If we assume 
that the van der 'Yaals energy of the ions varies 
as l / r', the difference between its values for 
the body-centered and face-centered structures 
is very sma II. 

The exchange repulsion between the alka li 
ions has been estimated by ]I!ayer and collabo­
rators" from an analysis of lhe alkali·halide 
crystals. They find, (or the mutual repulsive 
energy of two ions a dista nce r apart, 

W=A, exp [(2r,-r) / p], (23) 

where, il A, is taken to be 1.25XIO-ll ergs, the 
ionic radius r ,= 1.455A for the Cs ion, and 
p= 0.345A lor all the alkali and ha lide ions. 
Using these values, we have estimated the con~ 
tribution of the repulsion of the ion cores to (22) 
and find a value which is only about one· fifth of 
that observed . However, direct calculationsU of 
lhe repulsion between the rare gas atoms He 
and Ne show that the energy can be given 
approximately by the lorm (23), with p=0.2 IA, 
a value much smaller than that of the abo"e 
authors. The larger value probably results from 
lhe lact that it is a kind of a mean between the 
values for the alkali ions and the halide ions, 
and the latter are probably much larger than 
Ule former. If we take p=0.2IA lor the C. ion, 
and take the same value for A ,(1.25 X 10-" ergs) 
we est imate, from the la ttice constant of the 
corresponding rare gas solid , that r, ...... l.i5 
-1.80A. With these values, one obtains results 
of about the right order o( magnitude for (22). 

Due to the difficullies in estimating the d ifTer­
ence between the energies of the valence electrons 
in the lwo different structures, and also to the 
difficulty in estimat ing the interaction energy of 

philscs, the change with temperature COlnnot be de ter· 
mined. but it is probably not \"ery great. .'\s we a re i nler~ 
ested only in the order of magnitude. we use the room· 
temptorat ure \"aluc:. 

n M. Born a nd J. E. ~I ayer, Zeits. f. Physik 75, 1 ( 1932) ; 

1\1 ;,11~~.i nSI:~:~,J p~;;.II~:~: Jj2~~~'~" (~;r:i 1(" ~~)\ (~~~t~: 
U1eik and J. E. ~I~ycr, J. Chem. Phys. 2. 252 (1934) (:\e:). 
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the ions. on(' cannot be certain. bUl it does seem 
proil..1.ble that the transition in Cs is from a 
body centered to a mOre close packed structure, 
which is probably face centered. 

Thr a.uthor wishes to express his grall! ~ 
Professors J. H. Van Vleck and E. lIiR n" 
have kindly read the manuscripts of lAJ~ 
pt"eSent p.."1per and the preceding one. 
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(Received April 27, 193B) 

Stebn's formulae for the roe:rgit-s of the first row b)'clrides, Bli to FB, in tenus of Heitler. 
London c_xch"nge integrals h3ve IlCen applieJ to more recent data . The elllpiricallr derived 
values for the integrals are now !OIooth functions of the .atomic number. Z. They arc also 
collsidered as functions of the internuclear distanc:r.. r .. and taken in conjunction with data 
on 8tH, and with the facu that '. :lnd the {orce-c:;onstant, It. are smooth funClions of Z. hut 
invariant to electronic excil:;l.tion. the results show tlut it is 2r- h exch~nge that predollli. 
nates in fixing the internuclear distance and force<Onstant. On the contnry. the dissod;uion 
energies Clnnot be expected to be smoothly dependent on Z, '. or k. The heat of drs.:;ociation 
or NH is calculated by Stehn'. rormulae, after inteqxltating onc exchange integrnl. 

I NTRODUCTIOS 

PRESENT theories o( hea ts of dissocia tion of 
molecules with more than four electrons are 

quite crude, and any correlation between theory 
and experiment, even for the simplest molecules 
would ha\re yalue in giving theoretical thermo 
chemistry a better quantitative basis. Stehn t 

made a considerable contribution in deriving 
formulae for the energies of the first row hydrides, 
BH, CH, NI-I, 01-1 , FH, in terms o( ,,-,change and 
Coulomb integrols which can be determined em· 
pirically and tested for S<'I(-consistenc)'. Since 
his publication new data have appeared. and in 
this paper the integrals are recalculated. The 
three classes of integ-mls are now smooth func4 
tions of the atomic number, and combined with 
facts known about the internuclear distances and 
force4 constants give a more detailed oicture of 
the orbitals in these molecules. 

REDJ:TERML".HION OF TilE ISTEGRALS 

Stehn applied the usual Heitler-L~"do" theory, 
building the molecules (rom a hydrogen Is elec­
tron and various co nfigurations of the heavy 
atom, to oUlain expressions for the electronic 

• National Research Fellow in chemistry. 
• J. It. Stchn, j. CMm. Phy •. S, IB6 (1937). 

y,:here A is the atomic level of the hea\)' • 
into which the molecule adiabatically d, 
{lO'SCS, B is an atomic exchange integral. A 
exchange of the hydrogen Is electron \\ .. 
electrons plus Coulomb terms, J.,. and J, 
exchange with 'If' Or up electrons. The a'~ 

numerical coefficients of the matrix rlt.'r. J 

Stehn noticed that the internuclear di ~ t an.-" 

mains practically the same in all e."(citcd :,t.l l , 

an) one molecule, so that the J's and K ft r 
the same, permitting simultaneous equarirr ' 

them to be set up and solved. In this appli. -, . 
then the principal defect o( the lleitler·L­
method, that of nonorthogonality. can('rl~ 
but other corrcction~. such as higher or<irf 11'"' 

destroy the linearity of Eq. (I). 

DISCUSSION OF TIm DATA 

The excitation energies "mol and .,.",,,, 
usuaUy known Quite accurately, and SOOlf' " r, 
theI integrals can be calculated from thcm J 
But a complete solution also depends on fln(' 
soriation energy, which is invariablr tIl(" \\t', l 

datum. However. for anyone molecule (ut i' 
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t ~ energy need be known. by virtue or the 
t llOwn cycle connecting upper and lower 
di!,SOcla tion energies, D/ and D,u, 

I ._,+D: = .... m+D:'. (2) 

"'t lilerature on the dissociation energies of 
• jt·ries of h)'dridcs has been investigated 

I u~hly. In Our calculations we have not used 
Jpproximate D's, e.g., (rom the formula 

Lt""" or from extrapolation to the limiti ng 

I 
tJ l i(lfIai quantum numbers, but only those 
.i,ned from dissocia tion through rotation, 

h J!ives an upper and a lower limit to Du 
, CH), or (rom thermal data, (OH, FH). 

I 

f
! :'tr detail. 

mar in D for en or Nil will not ch:lnge the valuel 
I f r J. or J •• which are obtained from the .. 'I. The I .... tum is reliable, &0 K of CH is a good point, Fig. 1. 
. tis IIOt enough data for the evaluation of all three 

.#Jl.s in the case of DH. Ho ..... ever, if J. of DH is 
~ to Ilt in with J. of C, N, OIl, [hen J~ automatically 

5: in with J. of C, N, OH, and K will fit with the 
'1 L'lf and OB. Since J. and J. of NH fall smoothly 
Xli' respective curves, we can expect to interpolate 
~II. 

..In"t is no value for the heat of dissociation of NH; 
.:I the appendix we show this interpolated value of K 
;tJhly very good. 

oe r tat of disaociation of FII can only be obtained 
'~ r h~lp of thermochemical data. Three investigators 
I • heat of formation of +63.0 kcal. To get the 

t A:~'~;~:.C~i:f':'I-I~:e e~:=~~to=s e~e~~6 o~c!~: 
,l,ck', l1\(!thod from the onsct (I( <':ontinuoul absoq).. 
, the spect rum.' This value can be verified from 

"nI("Opic constunts' as (01l0 ..... 1I: 

.,. upper state of F t , ln, has an ~~"'837 cm-I and 
ClOnicity %0'0'.-140. The formul:l ~l/4xp. gives a 

• • u D. that i. usually too high, bUl the absolute 
::I this case il very 'mall, of the order of magnitude 

: itself, 0.IS5 ev. Mulliken' has shown that the 
'--:' "att dissociates into norma l atoms. Hence the 

.... · -.. /,flOn energy of the 10"'er state, D:',(which cannot 

f 

" . .dbl)' determined by w/'1/4x."~."), is D,'+"mol 
H+2.575_ 2.73 evor 63 kca l, .alii above. Tbe D. 
H t~n is 6.35 ev. 

• : ~p.allick and Satant' obtained bands with high 

, -::::.ki and Ro .. ini, T/oun .. ,h",,,·s/,y of Cloemi",/ 
'~"I (l937). 

;.\~~:~~t~~' ~:::::rrrf:,"~I~~~~ot).zeits . c. physik. 

" ~r~·t~\~1t~~~:'~~(R:~. P3.6~8;01 (19JO) 
I t . Kirkpatrick and E. O. Salane, PhYI. Rev. 48, 945 
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o BtH BH CH NH OH FH 

FIG. 1. Values in electron volts of the exchange integrals 
J. and J., the total Coulomb terms plus 2,SI-ls exchange 
X, and the 2p-ls Coulomb term K", :1& (ullct ions or the 
atomic number. 

vibrational quantum numbers in the infra·red, and extra4 

polated to get D:'-6.1 ev.' 

DISCUSSION OF THE INTEGRALS 

The solutions obtained for J., J. , and K are 
plotted against the atomic number Z in Fig. 1, 
and against the internuclear distance in Fig. 2. 
The principal remark is that the integrals are 
fairly constant for the series and that the curves 
are quite smooth. The val ues for K especially 
have become less erratic than in Stehn's figure, 
anu show less variation. The fact that fairly con 4 

stanl values are obtained, even though the inter4 

nuclear distance has changed markedl)' «(rom a 
constriction of the wave functions with increas4 

ing Z) shows that overlapping occurs to nearly 
the same extent and in the same relativE' 
positions. 

The integral J, is large, as to be expected. As 
will be shown below the equilibrium distance is 
fixed by 2s'-1s interchange. The minimum of 
J. is beyond this point, because the radius, and 
also the maximum value, of a 2p electron in a 
"dumbbell" orbital is larger than that of the 2s 
electron. The relative positions of the minima 
or ls-2s and ls-2p exchange can also be 

'Landolt·BOrnstein, Talxllen. Vol. 3, p. 28iJ, 5t3le 

~~i5~~~~~ebl~~c!~5d~l~ t~~~~~fd:;:.I?~d~V~·I.i. ~:~~e;~, ~~: 
corrcct(..J for po lymeriza tion, ibid., \'01. 3, p. 27~6 and also 
Bic.howski and Rossini, reference 2 . 
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